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ON THE STABILITY OF NONLINFAR OPERATOR JXLFFERENTIAL 

EQUATIONS, MITI APPLICATIONS 

6. V. Pao W i l l i a m  G. Vogt 

Department of Electrical Engineering 
Universi ty  of P i t t sbu rgh  
Pi t t sburgh ,  Pennsvlvania 

ABSTRACT 

Consider the  nonl inear  opera tor  d i f f e r e n t i a l  equat ion 

( i .e . ,  equation of evolut ion)  

- dx(t)  = Ax(t) + f ( x ( t ) )  d t  

where A is  a l i n e a r  (unbounded) operator  wi th  domain and ranqe 

both i n  a real  Hi lbe r t  space H and f is a (nonl inear)  func t ion  

def ined on H i n t o  H. The ob jec t  of t h i s  paper is t o  i n v e s t i g a t e  

the  ex is tence ,  t he  uniqueness and the  s t a b i l i t p  o r  asymptotic 

s t a b i l i t v  of so lu t ions  t o  (*) by usinp nonl inear  semi-group proper- 

ties. Criteria on A and on f f o r  t he  generat ion of a cont rac t ion  

o r  negat ive con t r ac t ion  semi-proup are e s t ab l i shed  from which the  

ex is tence ,  uniqueness, s t a b i l i t y  and asymptotic s t a b i l i t y  of so lu t ions  

of (2k) are insured. Applicat ions are given t o  the  second order  par- 

t i a l  d i f f e r e n t i a l  equat ion of t h e  form 

Criteria i n  terms of the  c o e f f i c i e n t s  a 

f are obtained. 

(X), c(X) and of t h e  funct ion $1 



ON THE STABILITY OF NONLINEAR OPERATOR DIFFEPENTIPL 

EQUATIONS, AND APPLICATIONS 

1. In t roduct ion  

This  paper is  concerned wi th  the  ex is tence  and the  s t a h i l i t v  

nroblems of the  onerator  d i f f e r e n t i a l  equations (i.e., equations o f  

evolut ion)  of t he  form 

dxo d t  = A x ( t )  + f ( x ( t ) )  t g o  (1-1) 

where  A is a l i n e a r ,  i n  genera l  unbounded, operator  with domain D(A) 

and ranee R(A)  both contained i n  a real F i l b e r t  space H and f i s  a 

(nonl inear)  func t ion  defined on H i n t o  H. It is  w e l l  known t h a t  some 

semi-linear svstems of d i f f e r e n t i a l  equations,  hoth ordinarv and 

p a r t i a l ,  can he  reduced t o  the  form (1-1) and i n  such cases A maybe 

considered as an  extension of a l i n e a r  d i f f e r e n t i a l  operator .  

t o  examine the  s t a b i l i t y  of so lu t ions  t o  (1-1), it  is onlv necessary 

t o  cha rac t e r i ze  t h e i r  p roper t ies  without a c t u a l l y  construct ing the, 

so lu t ions .  This is done be considering the  p rope r t i e s  of a nonlinear  

semi-group because i f  t he  operator  A + f ( . )  generates  a nonlinear semi- 

groun ITt ;  t 2 0 )  (see d e f i n i t i o n  2.1) then a s o l u t i o n  t o  (1-1) start- 

inm a t  t = 0 from anv element xocD(A) i s  given by x ( t ;  xo) = Ttxo f o r  

a l l  t 2 - 0 with x(0; xo) - x0. 

is ensured and t h e  s t a b i l i t y  nroperty can he  determined from t h e  family 

of nonlinear opera tors  IT,; t 2 0 ) .  

impose condi t ions on t h e  opera tors  A and f such t h a t  the  operator AlEA+f(-) 

generates  a nonlinear cont rac t ion  o r  negat ive cont rac t ion  semi-group i n  H 

o r  i n  an equivalent  H i lbe r t  space of H ( see  d e f i n i t i o n  2.4) from which 

the  exsstence,  uniqiieness and s t a b i l i t y  o r  asymptotic s t a b i l i t v  of so lu t ions  

t o  (1-1) are insured. 

I n  order  

Thus t h e  ex is tence  of a s o l u t j o n  t o  (1-1) 

The objec t  of t h i s  paper i s  t o  



The following d e f i n i t i o n s  s p e c i f i e s   hat w e  mean by a so lu t ion ,  

an equj l ihr ium s o l u t i o n  and the  s t a h i l i t v  of an unperturbed so lu t ion .  

Def in i t i on  1.1. Ry a s o h i t i o n  x ( t )  of (1-1) with i n i t i a l  

condi t ions x ( 0 )  - XED(A) i n  a P i l h e r t  space P, we mean the  follow in^: 

(a)  x ( t )  is uniformly Lipschi tz  continuous i n  t for each 

t > 0 with x(0) = x; II 

(b) x(t)ED(A) f o r  each t 2 I) and Fx( t )  + f ( x ( t ) )  is - 
weakly continuous i n  t; 

(c)  t h e  weak derivative of x ( t )  exists f o r  a l l  t 2 n and 

equals  Ax(t) + f ( x ( t ) ) ;  

d x ( t )  
a t  (d) t h e  s t rong  d e r i v a t i v e  - (=Ax(t) + f ( x ( t ) )  e x i s t s  and 

is  s t rong ly  continuous except a t  a countable number of va lues  t. 

The above d e f i n i t i o n  of a s o l u t i o n  x ( t )  is i n  t he  sense of a weak 

s o l u t i o n  since x ( t )  s a t i s f i e s  (1-1) i n  the  weak topology of H. However, 

by the  condi t ion  (d) ,  x ( t )  is an almost everywhere s t rong  s o l u t i o n  i n  

t h e  sense t h a t  x ( t )  s a t i s f i e s  (1-1) f o r  almost a l l  values  of t 2 0 i n  

t he  s t rong tonolopy of H. 

- 

Def in i t i on  1.2. An equi l ibr ium so lu t ion  of (1-1) is an element 

xe i n  D(A) s a t i s f y i n g  (1-1) ( i n  t h e  weak topology) such t h a t  f o r  any 

so lu t ion  x ( t )  of (1-1) wi th  x(n) = xe 

I Ix(t)-xel I 0 f o r  a l l  t 2 0.  

It can be  shown t h a t  i f  x ( t )  is a s o l u t i o n  of (1-1) then it is 

an equi l ibr ium s o l u t i o n  if and only i f  Ax(t) + f ( x ( t ) )  = 0 f o r  a l l  t 1 0  

(cf /91). 

Def in i t i on  1.3. An equi l ibr ium s o l u t i o n  (or any unperturbed so lu t ion )  

xe of (1-1) is  s a i d  to b e  s t a b l e  (with r e spec t  t o  i n i t i a l  per turba t ions)  i f  

given any E > 0, the re  exists a 6 > 0 such t h a t  
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lIx-xeII < 6 implies I Ix(t)-xell < E f o r  a l l  t 2 (7; 

is  s a i d  t o  b e  asymptot ical ly  stable if xe 

(i) it is s t a b l e ;  and 

I Ix(t)-xel I = 0 (it) t-+ao 
l i m  

where x ( t )  is any so lu t ion  of (1-1) with x(0) = x€D(A). If the re  

e x i s t  p o s i t i v e  constants  M and B such 

f o r  a l l  t 2 0 ( i i ) ’  I (x(t)-xel I 2 Me-Rt 1 Ix-xeI I 
then xe is ca l l ed  exponent ia l ly  asymptot ical ly  s t ab le .  

The ex is tence  problem f o r  t h e  case of 

of evolut ion - = Alx(t), 
d t  

where A1 is  a genera l  nonl inear  operator  with 

a genera l  nonl inear  equation 

(1-2) 

n(A1) and R(A1) both 

i n  H, has been inves t iga ted  by K k u r a  [61, Kato [SI and by Browder [2 ] ;  

and the  s t a b i l i t y  n r o b l m  of the same type of equation has been s tudied  

by the  author  i n  a sepa ra t e  paper [ 9 ]  which has a c lose  connection wi th  

the  nresent  work. 

onerator  d i f f e r e n t i a l  equation, t h e  app l i ca t ion  of Its r e s u l t s  t o  par t ia l  

o r  ordinary d i f f e r e n t i a l  equation needs add i t iona l  j u s t i f i c a t i o n .  

i n  t h e  case of semi-linear equation of t h e  form (1-l), cri teria on t h e  

operator  A and on t h e  func t ion  f are d i r e c t l y  appl icable  t o  certain p a r t i a l  

o r  ordinary d i f f e r e n t i a l  equations. 

d i f f e r e n t i a l  equations are given i n  t h e  last sec t ion  i n  order t o  i l l u s t r a t e  

c e r t a i n  steps in apnlying the  r e s u l t s  developed f o r  onerator  d i f f e r e n t i a l  

equation. Further a m l i c a t i o n s  t o  nonl inear  p a r t i a l  d i f f e r e n t i a l  eouations 

w i l l  h e  discussed i n  a sepa ra t e  presentat ion.  

Because of t he  impl ica t ion  of a general  nonl inear  

However, 

Examples of app l i ca t ion  t o  p a r t i a l  
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2. General Background 

I n  t h i s  s ec t ion ,  we s h a l l  introduce some bas i c  d e f i n i t i o n s  and 

s ta te  some theorems from 191 which are fundamental i n  t h e  development 

of our resul ts .  

Def in i t i on  2.1. L e t  H be a P i l b e r t  space. The family of 

opera tors  {Tt; t 

onlv if t h e  following condi t ions hold: 

0 )  is called a nonl inear  semi-group on H i f  and 

(i) f o r  any f ixed  t 2 0, Tt  is  a continuous (nonl inear)  

opera tor  defined on H i n t o  €1; 

(ii) f o r  any f ixed  x E H,  T x i s  s t rongly  continuous i n  t; 

f o r  s, t 2 0, and To = I ( t h e  i d e n t i t y  opera tor ) ;  s+t 

t 

(iii) TsTt = T 

(iv) I I T ~ x - T ~ Y I  I 2 M I  Ix-yl I (M > 0) X,Y, E H and t 2 I). 

IITt~-TtyI 1 2 Me-Btl Ix-yII ( P>0) x,v E H and t = > 0 

I f  ( i v )  i s  replaced by 

( i v ) '  

then ITt ;  t 2 0) is ca l l ed  a (nonl inear)  negat ive semi-group; i f  M < 1 
P 

semi-group according t o  (iv) 

s a t i s f y i n g  ( i v ) '  is ca l l ed  a 

a subse t  D of €I, t h e  family 

cont rac t ion  (resp. ,  negat ive 

then it is c a l l e d  a (nonlinear) cont rac t ion  o r  negat ive cont rac t ion  

o r  ( i v ) '  respec t ive ly .  The number f3 

cont rac t ive  constant  of ITt ;  t 3 0). 

Tt;  t 2 0) is sa id  t o  be a nonlinear 

For 

contract ion)  semi-groun on P i f  the  p rope r t i e s  

( i ) - ( iv)  ( resp. , ( i ) - ( iv) ' )  are s a t i s f i e d  w i t h @  I, 1) f o r  a l l  x,y E D. 

Def in i t i on  2.2. The i n f i n i t e s i m a l  generator  A1 of t h e  nonl inear  

semi-group {Tt; t 2 0) is defined by 

T X-x w - l h  h 
hS.0 h A1x = 

f o r  all x E H such t h a t  t h e  l i m i t  on the  r iph t -s ide  e x i s t s  i n  t h e  sense 

of weak convergence. 
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Def in i t i on  2 .3 .  An operator  (nonl inear)  Al wi th  domain D(A1) 

and range R(A1) both contained i n  a real H i l b e r t  space i s  s a i d  t o  be 

d i s s i n a t i v e  i f  

(A1x - Alp, x-y) f 0 f o r  x, y E D(A1); (2-1) 

and A1 is  c a l l e d  s t r i c t l y  d i s s i p a t i v e  i f  t he re  exists a real  number 

f3 > 0 auch t h a t  

(A1x - Aly, X-Y) 2 -PI IX-Y~ 1 * x,y E D(A1). (2-2) 

The sumemum of a l l  numbers f3 s a t i s f y i n g  (2-2) is ca l l ed  the  d i s s i p a t i v e  

constant  of A 1' 
It follows from the  above d e f i n i t i o n  t h a t  A1 is  d i s s i p a t i v e  i f  

and only i f  -Al is monotone and A1 is s t r i c t l y  d i s s i p a t i v e  i f  and only 

i f  t he re  e x i s t s  a real number B > 0 such t h a t  -(A1 + 61) is monotone 

(cf [ S ] ) .  Note t h a t  d e f i n i t i o n  2.3 coincides with the usual  d e f i n i t i o n  

of d i s s i p a t i v i t p  when AI is a l i n e a r  operator  (c f .  /71) . 
Defin i t ion  2.4. Two inner products (. -) and ( 0  defined 

on t h e  same vec tor  space H a r e  s a i d  t o  be ecluivalent i f  and onlv i f  

the  norms I I 1 I and I I 1 1 
are equivalent ,  t h a t  is, the re  e x i s t  

induced by ( 0 0 )  and ( 9 r e spec t ive ly  

constants  6 ,  y with 0 < 6 ID < y < 8 

such t h a t  

s l l x l l  2 11x11, 2 vllxll f o r  a l l  x E H. (2-3) 

The Hi lbe r t  space P1 equipped with t h e  inner  product ( *  9 

t o  be  a n  equivalent  H i lbe r t  space of H and i s denoted by (H, (. , *),I 

is sa id  

o r  simDlv by H1. 

I n  order  t o  show t h e  r e s u l t s  i n  the  followinp sec t ions  w e  state 

some t e s u l t s  from 191. 

Theorem 2.1, L e t  A1 be a nonl inear  operator  with domain D(A1) 

and range R(A1) both contained i n  a Hi lbe r t  space H such t h a t  R(I-A1)=V. 
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Then A1 is t h e  i n f i n i t e s i m a l  generator  of a nonl inear  cont rac t ion  

semi-group on D(A1) if and only i f  A1 is d i s s i p a t i v e ;  and A1 is the  

i n f i n i t e s i m a l  generator  of a nonl inear  negat ive cont rac t ion  semi-groun 

if and only i f  A1 is s t r i c t l y  d i s s ipa t ive .  

Theorem 2.2. I f  A1 is t he  i n f i n i t e s i m a l  penerator  of a 

nonl inear  cont rac t ion  semi-group (resp., nega t ive  cont rac t ion  semi- 

group) i n  an equivalent  H i lbe r t  space on D(A1) then A 1  is t h e  i n f i n i t e s i m a l  

generator  of a nonl inear  semi-group (resp., negat ive semi-group), not  

necessa r i lv  cont rac t ive ,  on t h e  same domain D(A1) i n  t h e  o r i g i n a l  H i l b e r t  

space. 

Remarks:  (a) I n  Theorem 2.1, the  condi t ion R(I-A1) - H can h e  

weakened by R(I - aA1) - H f o r  somea > 0 ,  

semi-groun {Tt; t 2 0) generated by A1 i n  t he  above theorem has the  

following add i t iona l  property: 

(b) The nonl inear  Contraction 

For any xcD(A1), t h e  s t rong  de r iva t ive  

= A T x e x i s t s  and is s t rong ly  continuous except a t  a countable 

number of values  t (cf .  [SI). Thus f o r  any xcD(A1), Ttx is a so lu t ion  

of (1-1) i n  the  sense  of d e f i n i t i o n  1.1. 

d (T ,XI 

d t  I t  

It is seen from theorem 2.1 t h a t  i f  the  operator  A + f ( * )  is 

d i s s i p a t i v e  o r  s t r ic t lv  d i s s i p a t i v e  and R ( 1  - A - f ( s ) )  = H then 

A + f ( - )  is t he  i n f i n i t e s i m a l  generator  of a cont rac t ion  and negat ive 

cont rac t ion  semi-group respec t ive ly .  However, t h e  requirement 

R(I - A - f ( . ) )  5 H by i t s e l f  is not easy t o  v e r i f y  s ince  i t  is 

equivalent  t o  t h e  func t iona l  equation 

x - AX - f ( x )  = z (2-4) 

havinp a so lu t ion  for every ZEH. I n  the  following sec t ion ,  we s h a l l  

impose condi t ions on A and f t o  in su re  t h e  ex is tence  of a so lu t ion  

of (2 -4) .  W e  consider f i r s t  t h e  case t h a t  A is  t h e  in f in i t e s ima l  

generator  of a l i n e a r  cont rac t ion  (or  negat ive contract ion)  semi-groun 
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of class Co (c f .  Ill]), and then consider t h e  more genera l  case 

when A is an unbounded closed operator .  Notice  t h a t  t he  i n f i n i t e -  

simal yenerator of a semi-group is  always closed. 

3. Exis tence and S t a b i l i t y  of Solut ions 

I n  the  proof of the  main theorems i n  t h i s  sec t ion ,  w e  have 

used some r e s u l t s  developed hy Brmder  (cf .  [I], [2]) .  It is noted 

t h a t  a R i l b e r t  space i s  r e f l e x i v e  and uniformly convex and t h e  

d e f i n i t i o n  of an accretive operator  defined i n  [2 ]  coincj-des with a 

monotone operator  when t h e  underlying space is  a ? i lbex t  space. 

n e f i n l t i o n  13.1. Let x ( t )  he  a so lu t ion  t o  (1-1) w i t h  x(n)  = X. 

A subse t  D of 11 is  s a i d  t o  be a s t a h i l i t v  region of t he  eqiiilihrium 

so lu t ion  (or  any unperturbed so lu t ion)  xe if f o r  any E > 0 t he re  e x i s t s  

a 6 > 0 such t h a t  

x E D and 1 ]x-x,II < 6 imp1.y I (x( t ) -xe]  1 < E for a l l  t 2 n. 

Theorem 3.1. Let A be  t h e  i n f i n i t e s i m a l  penerator of a 

( l i n e a r )  cont rac t ion  semi-proup of class C,. 

(i) f is  defined on a l l  of 11 i n t o  17 such t h a t  i t  i s  continuous from 

Assume t h a t  f sa t - t s f ies :  

H i n  the  s t rong topology t o  the  weak tonology, and is hounded on 

every bounded subse t  of H. 

Then (a )  f o r  any x E D ( A ) ,  t he re  e x i s t s  a unique so lu t ion  of (1-1) 

( i n  t h e  sense  of d e f i n i t i o n  1.1) with Tox = x; (b) anv equilibrium 

so lu t ion  xe (or  any unperturhed so lu t ion  such as per iodic  so lu t ion) ,  

i f  i t  e x i s t s ,  is s t a b l e ;  (c)  a s t a b i l i t y  reg ion  of xe is D(A) which 

can be extended t o  H. 

(ii) f o r  any x ,  p E 11, ( f (x)-f(y) ,  x-y) 2 0. 

-.LL Proof. L e t  A1 = A + f ( . )  with D(A1) = n(A) .  Since an 

i n f i n i t e s i m a l  generator  of a cont rac t ion  semi-group of class Go is 
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denselv def ined,  d i s s i p a t i v e  and R(I-A) = TI (cf .  [7] o r  f111), i t  

f0110vs hy t h e  d i s s i p a t i v i t y  of A and by the  assumption ( i i )  on f 

t h a t  

(A1x-AIV, x-v) = (Ax-Av, x-y) + (f(x)-f(y),  x-y) 5 - r) f o r  a l l  x,v E D(Al)  

which shows t h a t  A1 is d i s s i p a t i v e .  To show t h a t  R ( I - A 1 )  = IT, we 

aDplv a theorem (theorem 5 )  i n  [ -? I .  Yote t h a t  tlw onera tnr  -A is 

monotone and the  range of -A + I is a l l  o f P  with P(-A) = T)(A) dense 

i n  H. Thus t h e  opera tor  c1 = -A is accretive (or  monotone). J,et 

Go = T - f ( - ) ,  then from assumption ( i )  Go i s  def ined on all of JJ 

and is  continuous from H i n  the  s t ronp  tonology t o  t h e  weak topolopy 

(i.e., Go is  demicontinuous on 11) and mans hounded siibsets of 11 i n t o  

bounded subse t s  of TT. C, is  monotone, f o r  
0 

2 ( c :  x-cop, x-v) = (x-y, x-v) - ( f (x)-f(y) ,  x-g) 2 1 Ix-VI I X,P E 11 
0 

where w e  have used assumption ( i i ) .  Moreover, by l e t t i n g  y=O in ( i f )  

It follows by t he  d i s s i p a t i v i t y  of A and by (3-1) t h a t  

I I-h+G0xI I 2 (-h+Gox,x)// 1x1 I e > (Gox,x)/l 1x1 I=((x,x)-(~(x),x)>/( 1x1 I 
= > IIxlI - I l f ( o ) l l  f o r  a l l  x E D(A) (x + 01. 

Hence a l l  t he  hypotheses i n  Thus I IGx + Goxl I -t + 00 as I 1x1 1 + 00 . 
theorem 5 of [ 2 ]  are s a t i s f i e d .  

This later condi t ion and the  d i s s i p a t i v i t g  o f P 1  i m p l y  t h a t  A1 is  the  

i n f i n i t e s i m a l  generator  of a nonl inear  cont rac t ion  semi-group {Tt; t 2 0) 
on D(A) by applying theorem 2.1. Therefore,  f o r  any x E D ( A ) ,  Ttx E D(A) 

and is t he  unique s o l u t i o n  of 1 - l w i t h  Tox=x. 

It follows t h a t  R(1-A1) = R(GtGo) = H. 

Since 

I ] T ~ x - T ~ Y I (  6 1Ix-y11 f o r  a l l  t 2 o x,g t: D(A) 
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i t  follows t h a t  by taking y as the  equilibrium so lu t ion  xe o r  any 

unnerturhed so lu t ion  such as pe r iod ic  so lu t ion ,  i f  i t  e x l a t s ,  t hen  

i t  is  stable. 

anv x,  y E D(A) which implies  t h a t  a s t a b i l i t y  region is n(A) and 

thus i t  can be extended to  the  whole space P s i n c e  n(A) is  dense 

i n  H (c f .  [ 9 ] ) .  Therefore, t he  theorem i s  proved. 

Note t h a t  Ttxe = x The above inequa l i ty  holds f o r  e' 

Theorem 3.2. L e t  A be t h e i n f i n i t e s i m a l  generator  of a 

( l i n e a r )  negat ive cont rac t ion  semi-proun of c l a s s  Co with cont rac t ive  

constant  B. Assume t h a t  f s a t i s f i e s  t h e  condi t ion (i) i n  theorem 

3.1 and t h a t  

( f ( x )  - f (y) ,  x-p) 2 kl Ix-Y 

Then a l l  t h e  r e s u l t s  i n  theorem 3.1 

so lu t ion  e x t s t s  (or  any unperturbed 

asymptot ical lv  s t a b l e .  

Proof. L e t  A1 = A + f ( * ) .  - 

( *  w i t h  k < R 

hold. Moreover, i f  an equilibrium 

so lu t ion ) ,  ft is exnonentfallv 

f o r  a l l  x,v E 11, (3-2) 

Since A is  t he  in f in i t e s ima l  penerator 

of a neRative cont rac t ion  semi-proun, i t  is  densely defined, d i s s i p a t i v e  

and R(1-A) = H. Applving theorem 2.1 f o r  t h e  l i n e a r  case,  A i s  s t r i c t l v  

d i s s i p a t i v e  v7ith d i s s i p a t i v e  constant  B, t h a t  is 

(Ax,x) 2 -61 1x1 I f o r  a l l  x E D ( A ) .  

Thus the  operator A1 is s t r i c t l y  d i s s i p a t i v e  with d i s s i n a t i v e  constant 

B-k s ince  by the  hvnothesis (3-2) 

2 
(A1X-A1Y, X-V) (AX-Ay, X-Y) + ( f (x)-f(y) ,  X-Y) 2 -(B-k) 1 (X-YI I 

f o r  a l l  x,y E D(A1). 

f o r  some a > 0, s i n c e  the  monotonicitv of -A implies  t h a t  (I- %A)- '  e x i s t s  

f o r  eve ry% > 0, and if R(1- a A )  = H f o r  someu > 0 then R(1-A) e I! 

(cf .  [SI). The reason f o r  doing t h i s  i s  t h a t  i f  t h e  same arcument as 

in t he  proof of theorem 3.1 is used i t  w i l l  lead t o  the  unnecessarv 

To show t h a t  F(I-A1) = €I, we prove P(T- aA1) = H 
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requirement k 2 1. 

and G = I - a f ( - ) .  S i m e  A i s  the  i n f i n i t e s i m a l  generator  of a semi-Eroup, 

CL E p(A) ( t h e  reso lvent  set  of A) for  a l l a  > 0 (cf .  1111) which 

i m p l i e s  t h a t  R('I+C,) = R ( I  - a h )  = P. 

monotone f o r a  5 - k 

L e t  I - aA1 = - a A + (I - a f ( * ) )  = G + C, where C=- a A ,  
0 

0 

The mapping Go = I - af(.) is 

-1 s i n c e  by t h e  assumption ( i i )  

(Gox-GoY,X-Y) = (x-v,x-v) - a (f(x)-f(y),x-y) 2 (1 - elk) I Ix-vI I *  2 n. 

It is ohvious by t h e  assumption ( I )  t h a t  Go is continuous on I? i n  t h e  

s t rong  topology to  t h e  weak topology and is hounded on every hounded 

subse t  of H. 

a l s o  s a t i s f i e d .  This  is  due t o  the  f a c t  t h a t  t h e  d i s s i p a t i v i t y  ofrxA 

and t h e  r e l a t i o n  (3-1) imply t h a t  

F ina l ly ,  t h e  r e l a t i o n  1 [c;xsGox( 1 .+ - as 11x1 1 -+ is 

Q 

1 IGx).GoxI I 2 ( - a k  + Gox,x)/1 1x1 I 5 ((x,x)=-Q ( f ( x ) , x ) ) / f  1x1 121 I x !  1 -  3 I If(O> I I 
where a > 0 is a f ixed  number. 

hypotheses i n  theorem 5 of [2] are s a t i s f i e d  and the  r e s u l t  R(I - rAC?)=P(01+Co)=H 

follows. 

( i f  k 5 0 ,  then Go i s  monotone by taking, f o r  ins tance ,  a = 1 and the  

o ther  condi t ions remain unchanped). 

simal generator  of a nonl inear  negat ive cont rac t ion  semi-grow {Tt; t 2 0 )  

on n ( A )  with the  cont rac t ive  constant  B-k. Therefore t h e  r e s u l t s  i n  the  

theorem follow d i r e c t l y  from the  negat ive cont rac t ion  property of t h e  

semi-groun {Tt; t 2 0). 

Hence by choosing a 2 k"l, a l l  t h e  - 

T t  should be  noted t h a t  k > 0 s o  t h a t  fl < a  5 k-l e x i s t s .  - 
- 

By theorem 2.1, A 1  is  t h e  i n f i n i t e -  

Remark. I f  A is t h e  i n f i n i t e s i m a l  generator  of a cont rac t ion  

semi-proun ins tead  of a negat ive cont rac t ion  semi-group, anv unperturbed 

s o l u t i o n  is s t i l l  asymptot ical ly  s t a b l e  provided t h a t  t he  constant  k 

anpearing i n  t h e  condi t ion (3-2) is  negative,  sjnce i n  t h i s  case, we mav 

take B=O and the  operator  A1 = A + f ( 0 )  remains s t r i c t l v  d i s s i p a t i v e  with 

d i s s i p a t i v e  constant  -k. The proof of R(I-A) = €? remains t h e  same. 
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Corollary 1. Under t h e  hypotheses of theorem 3.1 (theorem 

3.2)  and i n  addi t ion ,  i f  f(O) = 0 ,  then t h e  n u l l  so lu t ion  is  s t a b l e  

(asymptoticallv s t a b l e )  with the  s t a b i l i t v  region t h e  whole space ??. 

Proof. I f  f ( 0 )  = 0 then x ( t )  E 0 is an equi l ibr ium so lu t ion  - 
( ca l l ed  t h e  n u l l  so lu t ion)  of (1-1). Hence hy theorem 3.1 (resp., 

theorem 3 . 2 ) ,  t h e  n u l l  so lu t ion  i s  s t a b l e  (resp., a s y n p t o t i c a l . 1 ~  s t a b l e )  

with t h e  s t a b i l i t y  region extended t o  the  whole space I?. 

Corol lary 2 .  L e t  A be  t h e  i n f i n i t e s i m a l  generator  of a ( l i n e a r )  

negat ive cont rac t ion  semi-group of class Co with con t r ac t ive  constant  6, 

and l e t  f h e  Lipschi tz  continuous on H with Lipschi tz  constant k c e, 

t h a t  is 

I If(X)-f(Y) 1 I 2 kl Ix-YI I f o r  a l l  x,y E IT. (3-3) 

Then f o r  any x E D(A) t he re  exists a unique s o l u t i o n  Ttx t o  (1-1) with 

TOx=x such t h a t  any equi l ibr ium s o l u t i o n  x, t o  (1-1) is asymptot ical lv  

s t a b l e .  ‘In a a r t i c u l a r ,  i f  f(0) = 0 the null. so lu t ion  is asymatot ical lv  

s t ab le .  Moreover, a s t a b i l i t y  region is D(A) which can be extended 

t o  t h e  whole space 13. 

- Proof. By t h e  Lipschi tz  cont inui ty  of f on H, i t  follows that 

condi t ion (i) i n  theorem 3 . 1  is s a t i s f i e d .  This is  due t o  t h e  f a c t  t h a t  

s t rong  con t inu i ty  implies weak cont inui tv ,  and by (3-3) w i t h  xo a f ixed  

element i n  H 

l l f ( x ) I l  2 l l f ~ ~ o ~ l l  +k l l x l l  +k IIxoI1 

which is bounded whenever 1 1x1 I i s  hounded. Moreover, by (3-3) 

2 
( f (x )  - f(Y), x-y) 2 (If(X)-f(Y)ll  I l X - Y I l  2 kllX-YII 

and so condi t ion (3-2) i n  theorem 3 .2  is s a t i s f i e d .  I!ence, by theorem 

3.2 t h e  ex is tence  and t h e  uniqueness of a so lu t ion  as w e l l  as t h e  

s t a b i l i t y  property of an equi l ibr ium s o l u t i o n  are proved. 

i f  f(O)=O then co ro l l a ry  1 implies t h a t  t he  n u l l  so lu t ion  is  asymptot ical lv  

s t ab le .  

I n  p a r t i c u l a r ,  
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It is  obvious t h a t  under t h e  hypotheses of theorem 3 . 3  

and i n  a d d i t i o n  i f  an  equilihrium s o l u t i o n  xe ex i s t s  then i t  i s  

unicrue s i n c e  i f  ve is another enuilihr.fum so lu t ion ,  the  n e ~ a t i v e  

contract ion nroncrtv of any two s o l u t i o n s  t o  (1-1) imn11es t h a t  

Zote t h a t  Ttxe = xe and Ttve=ve yew vhich i s  imnossihle un le s s  xe = 

f o r  all t > 0. The followinp theorem g ives  weaker conditions on 

A, and on f f o r  t h e  unlqueness of an equilibrium so lu t ion .  

= 

Theorem 3 .3 .  L e t  t h e  l i n e a r  onerator  pl annearin? f n  (1-1) 

be such t h a t  n E n ( h )  and t h a t  for some f i n i t e  numher P(i.e., I R l < m ) ,  
(Ax,x) - 5 P(x,x! f o r  a l l  x E D(A.) 

L e t  f be  defined on D(A) t o  ?’ such t h a t  f(O)=n and suct! t h a t  f o r  some 

f i n i t e  number k ( $ . e . ,  /PI < -1 

f o r  all x E R(A).  2 
(f(x),x! 5 - kl 1x1 I 

I f  6 > k t hen  the  n u l l  s o l u t i o n  of (1-1) is the  onlv e a i i i l i b r i w  solutfon.  

Proof.  T t  is obvious t h a t  t h e  zero vector. is  an eouilihr5um - 
s o l u t i o n  of (1-1). 

xe E D ( h )  and liY t h e  d e f i n i t i o n  of an eouilihrium so lu t ion ,  Axe + f (x,) = n. 

It f O l l O ~ n 3  t h a t  

Let xe 1-3, a ~ v  o the r  e q u i l i h r f m  solutfon,  then 

7 

0 = (Axe + f(xe),xe) (Ax,,xe) + (f(xe) ,xe) 2 -(R-k! I IxCl 1 L- 

which jrnplies t h a t  xe = O since hv iiynothesis &IC > O. 

ness of t h e  equilibrium s o l u t i o n  is proved. 

fknce tl-e unioue- 

Most of t h e  theorems developed i n  t h i s  s ec t fon  UT, t o  nov assumed 

t h a t  t h e  l l n e a r  p a r t  A of (1-1) is the  infinitesj-mal Tenerator of a 

con t r ac t ion  semi-proun of class C . A necessarv and s u f f i c i e n t  condition 

f o r  A havfnp t h i s  pronertv is t h a t  A is d i s s i n a t i v e ,  P(A) is  dense i n  I! 

0 
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and Q ( 1 - A )  = 11 ( c f .  [ 7 ] ) .  12p;ain t b e  reqii jrenent P.(I-A) = 1' means  

the  ex i s t ence  of a s o l u t i o n  of t he  func t iona l  equation 

x - A x = z  

f o r  everv z E 11 which by i t s e l f  needs f u r t h e r  j u s t i f i c a t i o n .  TTovever 

i n  case A is a s e l f - a j o i n t  onerator  vhich occurs o f t e n  i n  phvsical  

ann l i ca t ions ,  t h i s  requirement can be eliminated i n  these  theorem. 

Tn o rde r  t o  sl-ow t h i s ,  w e  annly a theorem from [l] due t o  ISrovrler bv 

considerfng a denselv defined closed onerator  and then t ake  a s e l f -  

a d j o i n t  operator  as a special  case. 

Theorem 3.4. Let A be a densely defined closed onerator  from 

11 l n t o  H. Funnose t h a t :  ( i )  A i s  s t r i c t l v  d i s s i p a t i v e  wi th  d i s s i m t i v e  

constant P, ( j i )  A *  is t h e  c losu re  of i ts r e s t r i c t i o n  t o  D(A)fl n(A*) 

where A* is t h e  a d j o i n t  operator  of A, (iii) f s a t i s f i e s  t h e  condi t ions 

(i) and (3-2) i n  theorem 3 . 2 .  Vwn all t h e  r e s u l t s  i n  theorem 3 . 2  hold .  

- Proof. Let A1 = A + f ( * ) ,  then A1 i s  s t r i c t lv  d i s s i F a t i v e ,  s i n c e  

by hvnothesis 

2 
(Al~-Aly,~-y) (Ax-Av,x-v) + (f(x)-f(v),x-v) 5 - -(R-k) I I x - v ~  I 

f o r  a l l  x,y E n(A) = D(A1). 

then D(T)=D(A) 1s densely defined. Since -A is  denselv defined, A* 

To show t h a t  F ( I - A 1 )  = H, l e t  T=I-A1=-A+(I-f(.)), 

e x i s t s  and i s  closed, and bv t h e  a s s u m t l o n  (ii) -A* is the  closure of 

i t s  r e s t r i c t i o n  t o  D(-A)n D(-A*). Ry ( i i i )  t h e  operator  C=T-f(.) i s  

continuous from a l l  of H t o  P i n  t h e  stronp; topology t o  the  weak tonologv 

which i m n l i e s  i t s  hemi-continuitv from F1 t o  ?T with P(C) = 17, The hounded- 

ness of CT on hounded s u b s e t s  of H also follows from (iii). Moreover 

(Tx-T~,x-v) 

so  t h a t  T is  monotone. 

i n  t h e  above inequa l i tv  and s i n c e  TOO = O-Al.O = -f(O), it  follows 

t h a t  

(x-v,x-P) - (A1x-A1y,x-y) 2 (l+E-k) 1 Ix-vl I X,P E n(T) 

I n  Dar t i cu la r  by l e t t i n y  y=O (0 E n!A)=.r)(T)) 
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.(I 1x1 1 )  = (1+P-k) 11x1 1 - 1  l f ( O )  I I 
has t h e  nronertv t h a t  c ( l  1x1 1 )  -f 00 as 11x1 1 -f - . 
condl t lons i n  theorem 1 of I11  are s a t i s f i e d  i f  w e  take,  f o r  ins tance ,  

t he  comnletelv continuous manping C=O ( t h e  zero opera tor  which mans a l l  

x E I1 i n t o  the  fl vec to r  i n  I?). 

annlvinp theorem 2.1,  is t h e  f n f l n i t e s f m a l  penerator  of a non-linear 

neRative con t r ac t ion  semi-group on TI(Al) = D(A) with the  con t r ac t ive  

constant  P-k. 

from t h e  nega t ive  cont rac t ion  semi-group propertv a s  i n  t h e  nroof of 

theorem 3.1. 

TJence a l l  t h e  

Therefore R(1-A1) = R(T) = TT. By 

Thus, the  stated r e s u l t s  i n  t h e  thoerem follow d i r e c t l v  

Remark. The above theorem cap a lso  he  proved wfth f+=.k=f', i n  

which case the  erruilibrium s o l u t i o n  is  s t a b l e  with a s t a b i l i t y  repion 

D(A). The nroof is exac t lv  the  same by l e t t i n g  R=k=O. 

Since an unbounded se l f - ad jo in t  opera tor  A i s  a denselv defined 

closed onera tor  having the  propertp t h a t  P(A) = D(A*) ( i n  f a c t  A = A * )  

w e  have, with a s t ronger  assumntion on the  func t ion  f ,  the  fo l lov inp  r e s u l t  

which is s t a t e d  as a theorem becasue of i t s  usefu lness  i n  appl ica t fons .  

Theorem 3 . 5 .  L e t  A he an unbounded se l f - ad jo in t  operator  from 

TT t o  FI and assume t h a t  i t  is s t r i c t l y  d i s s i p a t i v e  with d3ss ina t ive  

constant  R. L e t  f be  L ipsch i t z  continuous on N with L insch i t z  constant  

k k B ,  t h a t  is  

1 J f (x ) - f (p )  1 1  2 k l  lx-VI I f o r  a l l  x,y E FT. 

Then a l l  t h e  r e s u l t s  i n  theorem 3.2 hold. 
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- Proof. The se l f -ad jo in tness  of A implies t h a t  A is a denselv 

defined closed onerator  and n(A*) = n(A) ( i n  f a c t ,  A=A*). 

condj t ion ( i i )  i n  theorem 3 .4  is s a t i s f i e d .  By t h e  Lipschftz  con- 

Thus 

t i n u i t y  of f ,  f i s  continuous i n  t h e  s t rong topoloRv and is hounded 

on everv bounded suhset  of 17. This  assumption (Lipschi tz  cont inuf tv)  

a l s o  impl ies  t h a t  

2 
(f(x!-f(v),X--V) 5 - 1 If(x)-f!v) I [  I Ix-yI I 2 1~1Ix-vl I f o r  a11 x,v E 1;. 

T'ence, a l l  t h e  condi t ions i n  theorem 3.4 are s a t i s f i e d ,  and t h e  r e s u l t s  

follow hv annlvinp t h a t  theorem. 

Remark. The Linschi tz  cont inui ty  of f i n  t he  theorem can h e  

weakened hy using the  condi t ions ( i )  and (3-2) i n  theorem 3 .2 .  

It is  e a s i l v  seen from theorems 2 . 1  and 2.2 t h a t  s t a b i l i t v  and 

asvmptotic s t a b i l i t y  are inva r i an t  i f  t he  inner  product ( 0 s  0 )  of 17 is 

renlaced by an equivalent  inner  product ( O B - )  

A 1  = A + € ( = )  is d i s s ipa t ive .  

( f o r  ins tance ,  a non-self-adjoint operator  i n  a F i l b e r t  mace  (Jl ,  ( *  9 * ) )  

with respec t  t o  which 

Recaiise of i t s  usefulness  i n  appl ica t ions  

can sometines be made se l f -ad jo in t  i n  (V,(*S*)~) where ( * 9 * ) ,  is  an 

equivalent  inner  product) w e  show t h e  followinp theorem. 

Theorem 3 .6 .  Let A he a denselv defined l i n e a r  operator  from 

H = ( l i , ( . ~ - ) )  i n t o  11, and le t  f s a t i s f y  the  condi t ion (i) i n  theorem 3 .1 .  

I f  t h e r e  exists an equivalent  innerproduct  ( * , * ) ,  such t h a t  A is  a 

se l f -ad jo in t  onerator  i n  H1 = (17, ( e  3 0 )  I) s a t i s f y i n p  

x E D(A) 2 
( 4 X ) l  2 -~llxlll 

and i f  
(f(x)-f(y),x-v)l 2 kllx-yl 1; with k < R, x,v E 11. 

Then, a l l  t h e  r e s u l t s  s t a t e d  i n  theorem 3.4  are va l id .  

Proof. Consider A as an onerator  from the  space 171 = (€1, ( 

Since A i s  se l f -ad jo in t  i n  the  space F1, i t  i s  a denselv defined 

- 
i n t o  H1, 
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closed opera tor  and D(A) = D(A*). 

of f wi th  r e snec t  t o  t h e  I I I I-norm topology i m p l i e s  t he  same proper ty  

of f wi th  r e s p e c t  t o  the  1 1  I I l-nom topologv s i n c e  these  ttro norms are 

equivalent .  By assumntion, A is s t r i c t l y  d i s s i p a t i v e  and t h e  condi t ion 

( i i i )  fn theorem 3.4 is s a t i s f i e d  wi th  respect t o  ( * s a )  Hence a l l  

t h e  hypotheses i n  theorem 3.4 are s a t i s f i e d  bv considering 11 as the  

underlving space which implies  t h a t  t he  opera tor  A1=A + f ( . )  is the  

i n f i n i t e s i m a l  Renerator of a nonl inear  n e g a t i v e  con t r ac t ion  s e i - g r o u p  

(Tt;  t 2 - 0 )  on D(A) w i t h  con t r ac t ive  constant  6-k i n  t h e  space H1. Rv 

theorem 2.2, A is the  i n f i n i t e s i m a l  generator  of a nonl inear  neaa t ive  

The cont inui ty  and t h e  boundedness 

1' 

1 

semi-group ET t > 0) on D(A), not  necessa r i ly  cont rac t ive ,  i n  the  

o r i g i n a l  snace 17, Therefore  a l l  t he  r e s u l t s  i n  theorem 3.4 hold by 

t h e  semi-groun p rope r t i e s .  

4. A-nplications t o  P a r t i a l  D i f f e r e n t i a l  Equations 

t' = 

I n  t h i s  s ec t ion ,  w e  s h a l l  g i v e  some app l i ca t ions  of t h e  r e s u l t s  

obtained i n  the  previous s e c t i o n  t o  a c l a s s  of l i n e a r  and semi-linear 

p a r t i a l  d i f f e r e n t i a l  equations which can serve as an i l l u s t r a t i o n  of some 

steps i n  aDn1wing the  theorems develoned f o r  opera tor  d i f f e r e n t i a l  equa- 

t i ons .  

eauat ions i n  an n-dimensional Eucl idian mace Rn and consider t he  Frilhert  

space I, ( Q )  as the  underlying mace. I n  the  following, the  f i r s t  s imple  

example of a l inear d i f f e r e n t i a l  equat ions g ives  a f a i r l v  de t a i l ed  

desc r ip t ion  of t he  anp l i ca t ion  from which some more genera l  equat ions 

can e a s i l v  be obtained. Criteria f o r  the  ex is tence  and s t a b i l i t y  of 

so lu t ions  i n  terms of the  c o e f f i c i e n t s o f  a given p a r t i a l  d i f f e r e n t i a l  

opera tor  are s t a t e d  as theorems which are concre te  r e s u l t s  of the  abplica- 

t i o n  from t h e  a b s t r a c t  opera tor  d i f f e r e n t i a l  equation. 

For s impl i c i ty ,  we l i m i t  our d i scuss ion  t o  second order  d i f f e r e n t i a l  

2 
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Example 4.1. Consider t he  l i n e a r  p a r t i a l  d i f f e r e n t i a l  

eaua t i o n  CI 

with t h e  boundarv condi t ions  

u(t ,O) = u ( t , l )  = 0 ( t  (-l)* (4-2) 

Pssume t h a t  t h e  c o e f f i c i e n t  a (x)  is p o s i t i v e  on [ n , l ]  and t F a t  a (x ) ,  

b (x) ,  c(x)  are a l l  i n f i n i t e l y  d i f f e r e n t i a b l e  func t ions  i n  an open 

i n t e r v a l  To containing [(-l,ll. Then the l i n e a r  opera tor  

is an e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  operator  (c f .  [4] ) .  The formal 

a d j o i n t  onera tor  of L is given as 

which i s  a l s o  an e l l i p t i c  D a r t i a l  d i f f e r e n t i a l  opera tor .  T t  is easilv 

shovn h!r a simple c a l c u l a t i o n  t h a t  equation (4-1) can he reduced t o  

where 

2 Let us seek  a s o l u t i o n  i n  the  r e a l  H i l b e r t  space L (0 , l )  i n  which t h e  

inne r  product between any p a i r  of elements u, v E L (0 , l )  is defined by 2 

1 
(u, V) = Ju(x) V(X)  dX a 

0 
2 Define t h e  opera tor  T i n  L (0,l) as the  r e s t r i c t i o n  of L on C"(0,l) 

and T t h e  r e s t r i c t i o n  of L* on C"(0,l) by 
h 

h 
D(T) = D(T) = (U E c " I t o , i ~ ) ; ~ ( o )  = u ( i )  = n) 

h 
TU = Lu, Tu = L*u u E D(T). 

(4-5) 
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A h h 
L e t  A and A denote t h e  c losure  of T and T r e spec t ive ly  (T and T are 

c losable) .  Then D(A) is dense i n  L2(0,1) since D(A)a D(T) 3 c:(o,1) 

which is dense i n  L2(0, 1). Thus A* and (A)* both e x i s t  
A 

I n  general ,  

T is not s e l f - ad jo in t  with respec t  t o  the  inner product defined i n  (4 -5 ) .  

However, by def in ing  the  scalar func t iona l  ( U , V ) ~  by 
1 

(U ,VI l  = (u,qv) = u(x) q(x) v(x)  dX (4-6) 
0 

where t h e  func t ion  q(x) is t he  known funct ion  given i n  (4-4) it  is 

e a s i l y  seen t h a t  ( o , . ) ,  possesses a l l  t h e  p rope r t i e s  of an inner  product. 

Since (u ,u ) l  = (u,qu) = I qu2dx, i t  fol lows t h a t  
1 

0 

which implies t h a t  ( O S * ) ,  and ( 0 , s )  are equivalent.  

and is continuous over t h e  closed i n t e r v a l  [ O , l ]  so t h a t  i t  a c t u a l l v  

Notice t h a t  q(x)>O 

a t t a ins  its maximum and minimum values bounded away from zero and QO. 

Moreover, f o r  anv u, v E D(T),  on in t eg ra t ing  by p a r t s  and taking 

n o t i c e  t h a t  t he  boundary condi t ions are s a t i s f i e d  f o r  any u E D(T) 

A 
which shows t h a t  T=T. It follows t h a t  (cf .  nunford and Schwartz [ 4 ]  

p. 1740) A=(A)*=A* which shows t h a t  A i e  se l f - ad jo in t  i n  the  equivalent 

H i lbe r t  space L;(O,l) equipped wi th  the  inner  product ( *  s *) lo  

the  above equa l i ty  implies t h a t  f o r  any u E D(T) 

h 

3 
Woreover, 

2 1 2 1 
(u,TuIl = - l f p ( e ) 2  - e q u Idx = - Ira o(%l2 -c q u Idx. 

0 0 

On s e t t i n g  u1 01/2 u then 1 Iul( f u i  1 and by an elementary ca l cu la t ion  
n 

1 (b-a*I2 2 (4 -8 )  au; 

u1 
aul 2 1 (b-a') - + ax 2 a x  a -  aq($ = a(--) - - au 2 we have 
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d 
where a' - a(x) .  - dx 

known inequa l i ty  

Hence, i n t e g r a t i n g  by D a r t s  and using t h e  w e l l  

which is v a l i d  f o r  any u(x) s a t i s f y i n g  the  condi t ion  (4-21, w e  have 

1 (b-a') 2 2 
T a  

2 
- C1Ul  dX 2 -4 I 4  I, l 2  1 e - amin + (b'-a") + c 

0 

where 

It follows t h a t  i f  B=O o r  B>O then T is  d i s s i p a t j v e  o r  s t r i c t l v  d iss ipa-  

tive, r e spec t ive ly ,  with respect t o  ( 0  , The d i s s i p a t i v i t y  o r  s tr ict  

d i s s i p a t i v i t y  of T implies  t h e  d i s s i p a t i v i t y  o r  s t r ic t  d i s s i p a t i v i t y ,  

r e spec t ive ly ,  o f  A. To see t h i s ,  l e t  u E D(A) then hy t he  d e f i n i t i o n  

of t h e  c losu re  of a c losab le  onera tor  t he re  e x i s t s  a sequence ( u n k n ( T )  

lim Tu exists and equals  Au (cf .  r i l l ) .  Hence bv n-tm n such t h a t  un -+ u and 

t h e  con t inu i tv  of inner  product,  w e  have 

which shows the  d i s s i p a t i v i t y  and s t r ic t  d i s s i n a t i v i t y  of A. Therefore,  

by applying theorems 3.6 and 3.3 with f f 0 w e  have the  following r e s u l t s .  

Theorem 4 . 1 .  Assume t h a t  t h e  c o e f f i c i e n t s  a (x) ,  b(X) and c(x)  

of 4-1 are i n f i n i t e l y  d i f f e r e n t i a b l e  over any open i n t e r v a l  Io con- 

t a in ing  [0,1] and t h a t  a (x)  is p o s i t i v e  on [0,1]. I f  t he  condi t ion (4-10) 

is  s a t i s f i e d ,  then f o r  any i n i t i a l  element uo(x) E D(A) there exists a unique 

so lu t ion  u( t ,x )  i n  t h e  sense of d e f i n i t i o n  1.1 with u(O,x)=uo(x). Moreover, 
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the  n u l l  so lu t ion  of (4-1) i s  s t a b l e  i f  B=O and i s  asymptot ical lv  

s t a b l e  if B > 0 and i n  t h e  later case t h e  n u l l  s o l u t i o n  is t h e  

only equi l ibr ium so lu t ion .  
2 

As an example of t h e  above theorem, take  a(x) 5 - b(X) R' p x ,  
2 2  

c(x) = (x +R) where R is a n o s i t i v e  constant  t o  be determined, then 

c) 3 

4 Hence f3 > 0 i f  0 < R < R which shows t h e  same r e s u l t  as given i n  [ 3 ] .  

Remark. The so lu t ion  u(t,X) i n  theorem 4.1 is i n  f a c t  a 

du ( t  1 so lu t ion  of (4-1) i n  t h e  s t rong  sense i.e., = Au(t,X) i n  t h e  

nom tonology (cf.  171). However, i n  t he  case of semi-linear equations,  

i t  is  not c e r t a i n  t h a t  this is  t h e  case. Thus, w e  s h a l l  assume t h a t  any 

so lu t ion  i n  t h e  followina d iscuss ion  is i n  t h e  sense  of d e f i n i t i o n  1.1. 

Example 4.2. Consider t h e  p a r t i a l  d i f f e r e n t i a l  equation 

(4-11) 

w i t h  t h e  boundary condi t ions u(t,O)=u(t,l)=O where a (x) ,  b ( x ) ,  c(x) 

are the  same as i n  theorem 4.1 and f is a nonl inear  func t ion  defined 

on L2(0,1) t o  L2(0,1). 

on L2(0,1) and is bounded on bounded subse ts  of L2(0,1) such t h a t  

According t o  theorem 3.6, i f  f is continuous 

( f(X,u)-f(x,v),u-v)l 2 kll lu-VI 1; wi th  kl < B,  u,v E L 2 (0 , l )  

where 

is given by (&lo) ,  then a l l  t h e  r e s u l t s  i n  theorem 4.1 with respec t  

is the  equivalent  inner  product defined i n  (4-6) and B 

t o  an  equilibrium so lu t ion ,  if it e x i s t s ,  remain va l id .  I n  p a r t i c u l a r  i f  

f(O)=O, t h e  n u l l  so lu t ion  is exponent ia l ly  asymptot ical ly  s t ab le .  

To i l l u s t r a t e  t h e  above statement take,  f o r  example, t h e  func t ion  

2 

x +u 

U 
f (x ,u)  = k(X) 2 * 
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where k(x) is a bounded func t ion  on [ O , l ] .  

2 
on L (0,l) ( i n  t h e  s t rong  topology) and is bounded on L2(0,1). 

It is obvious t h a t  f is  continuous 

Ry t h e  

d e f i n i t i o n  of i n  (4-6)  

< 
P 

It  is e a s i l y  shown t h a t  f o r  any real numher u, v 

1 < -  1 u+v 1 
2 2  2 2  +u +v ) 1x31 

which implies t h a t  

2 k 
(f(X,u)-f(X,v),u-v)l < IF1 1 lU-Vl1,  * 

max k, 
"x$ where km = k(X) i t  follows t h a t  i f  ]T(;B then t h e  ex is tence  and unique- 

" ness of a solution f o r  any i n i t i a l  element uo(x) E D(A) are ensured. More- 

over t he  n u l l  so lu t ion  is exponentially asymptot ical lv  s t a h l e  with s t a b i l i t v  

region D(A). 

Example 4.3. Consider the second order  linear d i f f e r e n t i a l  

eouations of the  form 

with the  boundary condi t ions 

u(t,x')=O X ?  E a R t > O  (4-13) 
Ip 

where x=(xI,x,, ...,x,), R is a hounded open subse t  of t h e  Euclidean 

space R with boundary 852 which is a smooth su r face  and no poin t  i n  a R  

is i n t e r i o r  t o  h, t he  c l o s u r e  of Q. Assume t h a t  a (x) = aji(x) 

( i ,  j=1,2,. *,n) and together  with c(x)  a r e  i n f i n i t e l y  d i f f e r e n t i a b l e  

- 
n 

i j  

real-valued func t ions  i n  a domain 52 which contains  'i and t h a t  t he re  
0 
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exists a positive c o n s t a n t %  such t h a t  

The opera tor  

is a s t rong lv  e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  onera tor  i n  Rp. 

T t  is e a s i l y  seen bv d e f i n i t i o n  t h a t  t he  opera tor  T, is 

2 f o m n l l y  se l f - ad jo in t  i.e., L=L*. 

def ined by 

L e t  T be t h e  opera tor  i n  L (n) 

D(T) = (u E ~"(5); u(x ' )  = 0, X '  E a 521 

Tu = Lu u E D(T), 

and le t  A be  the  c losu re  of T. 

is se l f - ad jo in t .  

BY theorem 25 i n  f41 (P. 17111, h 

For any u E Z?(T), i n t e g r a t i o n  by p a r t s  yields 

where dx = dxldX *... dx,. 

known inequa l i tv  [ 121 

By the  assumption (4-14) and using t h e  well 

where y i s  a p o s i t i v e  real number, w e  ob ta in  

(4-15) 

2 2 
5 - -( u Y  - cm)l lu l  I = -4 lul I 

c (x)  and B = uy-c,. Tlence, T is  d i s s i p a t i v e  if B-r) 

The d i s s i p a t i v i t y  and strict 

m a 5  
m X E Q  

where c = 

and is s t r i c t l y  d i s s i p a t i v e  i f  B>O. 
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d i s s i n a t i v i t v  of A follow from the  d i s s i p a t i v i t v  and str-lct d f s s i p a t i v i t y ,  

resnectivelv, of T as  has been shown i n  example 4.1. s i n c e  A i s  the  

c losu re  of T. 

3.5. To summarize, w e  have: 

Theorem 4.2. 

Therefore, A s a t i s f i e s  a l l  the  hypotheses i n  theorem 

Assume t h a t  a l l  t he  real-valued f:!nctions a,. (X)=aji(x) 
=J 

( i , j = l , Z ,  ..., n)  and c(x) i n  eauat ion (4-12) are i n f i n i t e l v  d i f f e r e n t i a b l e  

i n  a domain Qo containing 5 ,  t h e  c losu re  of R ,  where R is a bounded open 

set  i n  Rn whose boundary a R  is a smooth s u r f a c e  and no no in t  of a R  is  

i n t e r i o r  t o  'i. I f  t h e  condi t ion (4-14) is s a t i s f i e d  and if 

(4-16) 

where c1 i s  given i n  (4-14) and y is  piven i n  (4-15), then f o r  any 

uo(x) E D(A) t h e r e  e x i s t s  a unique s o l u t i o n  u ( t , x )  t o  (4-1%) s t rong ly  

continuous i n  t wi th  r e spec t  t o  the  L2(R) norm wi th  u(O,x)=uo(x). More- 

over, t h e  n u l l  s o l u t i o n  js s table  f o r  B=O and i s  asymntoticallv s t a b l e  

i f  B > and i n  t h e  l a t e r  case the n u l l  s o l u t i o n  is t h e  only equilibrium 

so lu t ion .  

whole mace L2 (Q) 

The s t a b i l i t y  region is D(A) which can b e  extended t o  t h e  

It is  seen from t h e  above theorem t h a t  t h e  major conditions imposed 

on t h e  c o e f f i c i e n t s  of t h e  operator  L are condi t ions (4-14) and (4-16). 

Notice t h a t  if c(x) is  a non-positive function, then (4-16) is automatical lv  

s a t i s f i e d .  As a s p e c i a l  form of (4-12) w e  consider t h e  equation 

X & R  (4-17) 

with t h e  houndarv condi t ions (4-13). The following r e s u l t  is  an immediate 

consequence of theorem 4.2. 

Corollarv. Assume  t h a t  t h e  real-valued funct ions ai(x> (i=l,2,...,n) 

and c(x) i n  equation (4-17) are i n f i n i t e l y  d i f f e r e n t i a b l e  i n  a domain Qo 
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containing 5 where Q is a bounded open set i n  Rn whose boundary an 

is s u f f i c i e n t l y  smooth. 

and c(x)  is non-positive then a l l  t he  r e s u l t s  i n  theorem 4.2 hold. 

If, i n  addi t ion,  ai(x) is p o s i t i v e  f o r  each i 

- Proof. Consider (4-17) as a s p e c i a l  form of (4-12) w i t h  

a (x) = ai(X> f o r  i-j and aij(x)=n f o r  i#j. Then the condi t ion (4-14) i j  
min ( min x c ~  ai(x))>O which implies  is s a t i s f i e d  s ince  by hynothesis a = 15iLn 

The condi t ion (4-16) follows from t h e  non-nosi t ivi tv  of c(x). Hence 

t h e  r e s u l t s  fol low by annlving theorem 4.2. 

As an example of t he  above theorem, consider the  equation 

au 2 - = A u-c u a t  ( c  r e a l )  

where A is  the  Lanlacian operator  i n  Q = R 3  w i t h  29 s u f f i c i e n t l y  smooth. 

Then a l l  t h e  condi t ions i n  t h e  above theorem are f u l f i l l e d  s ince  i n  t h i s  

2 case ai(x) = 1 f o r  each i and c(x) = -c . 
J u s t  a s  one-dimensional space case, semi-linear equations of 

t h e  form 
a au - (aij(x) -) + c(x)u + f (x ,u)  x E R (4-18) au = 

a t  i,jP1 a x3 
with the  boundary condi t ions 

u( t9x ' )  = 0  an (4-19) 

2 can s i m i l a r l y  be t r e a t e d  where f is a func t ion  on L (0) t o  L2(Q). . 

For t h e  sake of appl ica t ion ,  we  state a theorem which is the  

consenuence of theorem 3.5. 

Theorem 4.3. Supnose t h a t  t he  semi-linear equation (4-18) w i t h  

the  boundarv condi t ions (4-19) possesses t h e  same l i n e a r  par t  as given 

i n  theorem 4.2. I f  f s a t i s f i e s  the condi t ions ( i )  and (3-2) i n  theorems 

3.1 and 3.2,  respec t ive ly ,  where B is given hy (4-16). Then (a) For m v  
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uo(x) E D ( h )  t he re  ex is t s  a unique s o l u t i o n  of (4-18) with u(Q,x)=uo(x). 

(b) 

is  s t a b l e  i f  IC-6; and is asymptot ical ly  s t a b l e  i f  k<R. (c) A s t a h i l i t v  

region of the equi l ihr ium so lu t ion  is  D(A) which can he extended t o  t h e  whole 

An equi l ihr ium s o l u t i o n  (or a per iodic  so lu t ion ) ,  i f  i t  e x i s t s ,  

2 mace L (0 ) .  
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